In this paper a new type of sliding mode based fractional-order iterative learning control (ILC) is proposed for nonlinear systems in the presence of uncertainties. For the first time, a sliding mode controller is combined with fractional-order ILC. This sliding mode based D a and PD a -type ILC is applied on a nonlinear robot manipulator. Convergence of the proposed method is investigated when the stability is also proved. In this method, the control signal at any iteration is generated in two parts. The first section comes from the sliding mode controller while the second part is output of the fractional-order ILC. The latter signal is assessed using its previous amount and the sliding mode error signal. The achieved control law is capable of controlling nonlinear iterative processes, perturbed by bounded disturbances with high accuracy. The same frequent disturbance is eliminated by the iterative learning part, while the effect of nonrepetitive uncertainty is improved by the sliding mode part. The sliding mode based D a -type ILC (as an adaptive control law) is proposed to control a single-link arm robot. The controller is then improved to sliding mode based PD a -type ILC. The effectiveness of the proposed method is again investigated on a single-link robot manipulator through a simulation approach. It is shown that the controller for a = 1:75 provides performance by means of faster response together with more accuracy with respect to a conventional ILC.
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Introduction
Among industrial processes, a class of process needs to repeat a special task iteratively in certain time duration with high accuracy. Robot arms (Chen and Tomizuka, 2014; Freeman et al., 2010) , hard disk drives (Wu and Tomizuka, 2010) , atomic force microscopes (Wang et al., 2013a) and polymer injection plants (Gao et al., 2001 ) are examples of works that must perform a repetitive task such as welding, painting, cutting and reaching to the desired trajectory with high accuracy in a prescribed geometrical path at any iteration. In such processes, classical control methods propose the same performance at any iteration, since the controller parameters are kept constant. If the performance is not desirable (for example there is a steady state error) the dissatisfaction will remain in all of the process iterations. Accordingly, a technique to improve the iterative processes is necessary to lead to new methods for these processes (Wang et al., 2009) . Iterative leaning control (ILC) is one of those important methods in the field of learning control systems. This was first introduced in 1984 by Arimoto et al. (1984) . This represented a full survey on linear and nonlinear ILC. Disturbance rejection and control is seen in (Sulikowski et al., 2005) where convergence conditions of adaptive ILC is reported in Owens and Munde (2000) . Exponential stability is investigated in Dymkov et al. (2002) where French et al. (2001) proposed a two-dimensional (2D)-approach discrete time ILC technique. Furthermore a parameter optimization is analysed in Owens and Feng (2003) .
Mathematicians have been interested in fractional calculus (fractional-order derivative and integral) since the 17th century (Oldham and Spanier, 1974) . However, its application in engineering problems especially in modelling and control problems is new (Oustaloup, 1988) . Due to freedom in the degree of the differentiator and integrator, physical systems may be modelled with high accuracy. The same situation is held in the control area. Namely, high-performance controllers can be designed for either fractional-order or integerorder systems.
In recent years, several fractional-order controllers such as CRONE (Oustaloup et al., 1996) , fractional-order TiltIntegral-Derivative (TID) (Lurie, 1994) , fractional-order proportional-integral-derivative controller (PID) (Podlubny, 1999a) controllers, fractional-order lead-lag compensators (Raynaud and Zergaınoh, 2000) and simple fractional-order controllers (Tavazoei and Haeri, 2008) are proposed. They
Faculty of Electrical and Computer Engineering, Babol University of Technology, Iran are used in closed-loop control architectures of linear and nonlinear systems to provide better performance in comparison with integer-order counterparts. Akbari (Moornani and Haeri, 2012) presented a closed-loop system consisting of a fractional/integer-order system and a fractional PID controller and some easy to use theorems to investigate the robust bounded-input bounded-output stability of the resultant closed-loop system. The stabilization of all-pole unstable systems with time delay by fractional-order controllers is investigated by Kheirizad et al. (2013) . Sufficient conditions for stabilizability by fractional-order proportional-derivative (PD)/proportional-integral (PI) controllers are determined and also provides the stabilizing range of the controller parameters.
Iterative-based systems in unbounded time dimensions are applied in a bounded time axis. This has ability to learn and tune an appropriate input in a repetitive task. Indeed, such a repetitive process is time consuming and expensive. Thus, proposing a control algorithm to reduce the number of essential iterations is worthwhile (Chen and Moore, 2001 ). Fractional-order ILC (FOILC) is investigated for the first time in Chen and Moore (2001) , in which a D a -type fractional-order control law is proposed and a convergence condition in the frequency domain is analysed. These researches signify capability of the fractional-order controller. In Li et al. (2011a) a generalized linear FOILC (GFO-ILC) for a nonlinear fractional-order system is reported. This technique proposes an adaptive GFO-ILC update law to assess conditions of the convergence, for unknown-order of the system. (Li et al., 2011b) investigates convergence of ILC for nonlinear systems in the time domain. A PD a -type ILC is considered to improve the transient time performance. The last paper (Li et al., 2013) surveys FOILC, including some more important applications since 2001. This shows improvement in the transient and steady state performance from practical and theoretical results of using FOILC. Some significant characteristics of fractional-order operators are addressed when some open problems are also discussed.
Due to robustness against disturbance, noise and uncertainty, sliding mode control (SMC) has attracted several researchers' attention. A major reason to use this control is to solve the stability and robustness issues (Yu and Man, 1996; Zhihong and Yu, 1996) . In conventional sliding mode, the sliding surface, a linear plane surface, guarantees the asymptotic stability. Therefore the error dynamic fails to convergence in finite time. However, tuning of parameters of the sliding mode adjusts the convergence speed. In return, gains of the controller are significantly increased, which causes chattering in the sliding surface (Lee et al., 2007) and thereafter ruins the performance of the closed-loop system. For the first time, FOILC is used to generate the input of the technique to attain a desired trajectory. A D-type ILC by Arimoto et al. (1984) uses the first derivative of the tracking error. Whereas in the current manuscript a PD a -type ILC (a 2 (0, 2) is used to reduce the tracking error. Wang et al. (2013b) presented a sliding mode synchronization of chaotic and hyperchaotic systems where the mismatched fractional derivatives are taken into account. In recent years, a problem of stabilizing a first-order plant with known time delay was considered using a fractional-order proportional-integral controller PI l (Hafsi et al., 2013) . Although a hybrid control strategy that involves SMC and ILC is applied for linear and nonlinear systems considering uncertainty (Liu and Wang, 2012; Tan and Panda, 2004) , fractional-order controllers are more flexible, robust and efficient in comparison with classical controllers (Podlubny, 1999a) . Application of FOILC instead of integer-order one may improve performance of such system of under control. Robot arms frequently perform specific tasks. The task may include welding, painting, cutting, etc. The trajectory is already planned with high precision to be done frequently. In such tasks, conventional controllers do not learn from the error at any iteration, due to fixed controller coefficients. Any lack of performance, e.g. the steady state error, appears at any iteration. Furthermore, uncertainty and disturbance may also reduce the performance of conventional controllers. ILCs benefit from the error from the last trial by trying to improve the current situation. In the same manner, fractional-order controls provide more flexibility due to the existence of a free parameter, a in PD a -type ILC. This flexibility results in better learning rates and therefore decreases the number of iterations required to achieve a specific accuracy and precision.
In the present manuscript, primarily, two new control strategies that involve SMC and FOILC are proposed for the first time. Thereafter a convergence analysis of the proposed method is investigated for nonlinear systems with uncertainty while their stability is proved. The goal is to propose a control strategy to achieve high accuracy and 'fast' tracking performance for nonlinear systems with uncertainty. Since robot arms involve repetitive moving trajectories, applying ILC can improve the performance and efficiency of the controller. The main contributions of this paper are:
two new control strategies are presented, combining SMC and fractional-order ILC algorithms; convergence of the new proposed hybrid ILC is achieved; the performance and effectiveness of the proposed method is investigated on a single-link robot manipulator through a simulation.
Basic definitions of fractional calculus
In this section, some definitions of fractional calculus are introduced. In essence, fractional calculus is an extension of integer-order differentials. The operator a D a t is used to introduce fractional-order derivative-integrals, as in the following (Caldero´n et al., 2006) 
where a denotes the order of the differentiator-integrator. For the derivative, the value of a is a positive real number, whereas for integral action, it is a negative real number. Parameters t and a indicate the operation ranges. Among various definitions of fractional calculus during its 300 years of history, three more-common definitions are GrunwaldLetnikov (GL), Riemann-Liouville (RL) and Caputo (Miller and Ross, 1993; Podlubny, 1998) definitions. The GL definition is defined as follows
In which [.] denotes the flooring operator and a indicates a fractional parameter. The RL is used as a simplest definition, which is as follows
where n À 1\a\n and G( Á ) denotes the Gamma function.
In several practical applications, the necessity for the initial conditions such as f (a), f 0 (a), f 0 (a); . . . ; f ðnÀ1Þ ðaÞ leads to a new definition of the Reimann-Liouville fractional derivative called 'Caputo'. The Caputo fractional-order derivative definition is described as follows
In this equation, m is the first integer number more than a. The Laplace transform of the Caputo fractional-order derivative is described as follows (Oldham and Spanier, 1974; Podlubny, 1998 )
where n À 1\a n 2 N . Unlike the Laplace transform of the Reimann-Liouville fractional-order derivative, only an integer-order derivative of the function appears in the Laplace transform of the Caputo fractional-order derivative. This can be determined more easily in practice. For the zero initial condition, its Laplace transform is as follows
For further information, one may see appropriate references, e.g. Oustaloup (1988) , Oustaloup et al. (1996) , Podlubny (1999a) and Podlubny (1998) .
Integer and fractional-order iterative learning control
The basic procedure of ILC is schematically depicted in Figure 1 .
The basis of ILC systems is during their kth iteration. Some vital information such as the control signal u k (t), real output y k (t) and the tracking error signal e k (t) is stored in memory. This information is used to improve the next sequence of the control input to reduce the error between the actual and desired output. These are to update the ILC law at the k + 1 th iteration. It is assumed that all of the depicted signals in Figure 1 are defined in the time t 2 ½0, t f where t f is the duration time of each iteration. Integer index k indicates the number of the iteration. An updating ILC law is as follows (Madady, 2008) 
Among the most popular ILCs, the proportional control law in equation (8) and the derivative control law in equation (9) may be used (Xu et al., 2004) .
Parameter G denotes the learning gain, e k (t) is the tracking error signal, which is defined as
where y k (t) is the real output, y d (t) is the desired output trajectory in kth iteration. The learning gain G is designed according to the previous information about the process (Chen and Moore, 2001) . Similar to equations (8-10), a D a -type updating learning control law is proposed as
In the frequency domain the Laplace form is as follows
where
More detail of the ILC is investigated in Moore (1999) and Chen and Wen (1999) . According to equation (12), when a = 0, a proportional ILC is in action. Likewise, a = 1 denotes a pure derivative ILC law. The fractional-order updating law of PD a -type ILC is defined as (Li et al., 2011b) Figure 1. Basic block diagram of iterative learning control scheme (partly was taken from Moore (1999) ).
where the proportional k P and derivative k D learning gain coefficients are of real constant numbers and must be appropriately tuned. Equation (14) indicates a fractional PD-type ILC updating law. This controller not only gains the benefits of the classical PD controller, but also provides more flexibility and better compromise in terms of performance in comparison with classical controller, due to existence of the extra parameter a in the differentiation (or integration). In this manuscript, parameter a is chosen as a real constant number in a 2 ½0, 2). The effect of a on the convergence of the error between the actual output and that desired is investigated here.
Nonlinear dynamic plant
Consider the following second-order nonlinear single input single output plant
where x(t) = ½x 1 (t), x 2 (t) T 2 R 2 denotes the state vector, and f (x k , t) and b(x, t) are nonlinear functions incorporating the state and the control effort u k (t), respectively. Furthermore, assume that d(x, t) = Df (x k , t) + d x, t ð Þ is the sum of the disturbance and uncertainty of the system that is bounded by d(x, t) j j6 D, and k = 0, 1, . . . indicates the iteration variable. Meanwhile, u k (t) is the input control signal of the kth iteration.
is m times differentiable with respect to the time t in t 2 ½0, t f and its entire high-order differential exists.
where the tracking error e k (t) is defined as follows:
Assumption 3. (Ding and Yang, 2014) . The initial condition for each iteration is e k (0) = _ e k (0) = 0. In the following section, a sliding mode based fractional ILC is dealt with for a nonlinear plant in equation (15).
Classical PD surface sliding mode controller
A sliding surface s for the nonlinear plant in equation (15) is defined as follows
where l is a positive constant gain, and the error is defined as follows
A necessary condition for the states to remain on the sliding surface is
According to equations (17-19) it can be shown that
Substituting equation (15) into equation (20) yields
An SMC law is chosen as follows, assuming b x, t ð Þ 6 ¼ 0:
In the above equation q, r 2 R are positive constants satisfying r . D ! jd(x, t)j, and Proof. Consider the following positive definite Lyapunov candidate
Using equation (22) and substituting u k (t) = u SMC, k (t) in equation (25), the following equation is obtained
Assuming that the disturbance d(x, t) is bounded jd(x, t)j 6 D\r ð Þ , then _ V k (t) in equation (26) can be written as follows
Thus, _ V k t ð Þ\0, the system is asymptotically stable, and the designed controller is robust against bounded disturbance; jd x, t ð Þj 6 D\r. By substituting the control law equation (22) in equation (21), the sliding mode dynamic is obtained as follows
The aim is to achieve a path that tracks with faster response. Due to the existence of oscillation in d(x, t) and sliding mode characteristics, chattering occurs. It is possible to tune the parameters of only the SMC, using a routine algorithm. However, in order to gain the benefits of the hybrid techniques, combining sliding mode with FOILC will be presented to improve the performance.
Hybrid sliding mode fractional-order iterative learning control
The following hybrid iterative architecture, using sliding mode based FOILC, improves the performance of the above SMC. The basics of sliding mode based ILC are shown in Figure 2 :
The control signal u k t ð Þ, k = 0, 1, . . . is composed of two parts at any iteration; the sliding mode u SMC and the ILC u ILC as in the following
The goal is to design a sliding mode based ILC u k (t) for the nonlinear plant in equation (15) such that by increasing the number of iterations, the system output tracks the desired output y d (t) accurately and fast. It will be shown that, for the nonlinear plant in equation (15), the achieved control input signal, using the output of the SMC equation (22) together with the output of the fractional ILC equation (12) and equation (14), converge the error to zero through iterations, i.e.
For the convergence analysis, the ILC control is considered in two cases of D a and PD a type. For simplification, the independent time variable t is removed from the equations, and, according to the context, variables s, u ILC and u SMC denote the signals in both the time and the frequency domains.
Sliding mode based D a -type ILC
In this section, to update the control law of the SMC, the convergence analysis is studied. The control effort in equation (29) is achieved using the control in equation (22) and equation (12) together with equation (14). According to Figure 2 , substitution of the combined control equation (29) in equation (21) yields
where s denotes the Laplace operator. Meanwhile 
By substituting the D a -type ILC updating law in equation (12) in equation (32), the following equation is yielded
Equation (31) can be rearranged as
By substituting equation (34) into equation (33), the following equation is obtained:
According to Assumption 3, s k 0 ð Þ = 0 for k = 0, 1, . . ., thus, (35) is simplified to
By considering the sliding surface as
the tracking error is achieved as
In which r and D k are defined as in the following Theorem 2. In the nonlinear iterative system in equation (15) (12), equation (17), equation (22) and equation (29) guarantees that the system output asymptotically converges to the desired trajectory through iterations while the system state variables are bounded.
Proof. Using the recurrence method, the following successive relations are obtained
. .
Since r j j6b\1 the term r k e 1 are rapidly decreasing when k is increased. The numerator in the first term, i.e. D k = w k + 1 À w k also becomes zero for time varying disturbance when the disturbance is not varying by the iteration. This immediately follows
Sliding mode based PD a -type ILC
Similarly to the previous section, convergence analysis can be performed for the PD a -type ILC updating law. By substituting equation (14) into equation (32), the error signal is achieved as follows
where r and D k are respectively defined as
Theorem 3. In the nonlinear iterative system in equation (15), if r j j6b\1, then the PD a -type sliding mode based ILC law presented in equation (14), equation (17), equation (22) and equation (29) guarantees that the system output asymptotically converges to the desired trajectory through iteration k, while the system state variables are bounded Proof. Using the recurrence method, proposed in equation (39), the following relation is held for PD a -type sliding mode based ILC
According to equation (44), for 1 À kP + kDs a s + q ð Þs + l ð Þ 6 b\1, the PD a -type sliding mode based ILC updating law guarantees the system convergence to the desired trajectory through iteration k. According to equation (38) and equation (44), iterative disturbance w k + 1 = w k is completely removed. The term
Þ , as a low pass filter, significantly attenuates the high-frequency chattering effect that is produced by SMC. If the coefficients a, k P and k D are determined such that condition r j j6b\1 is met, the considered sliding mode based FOILC updating law (equations (14), (17), (22) and (29)) is convergent and the following equation is fulfilled
Simulation of a single-link direct joint driven manipulator model
Since application to robot arms involves repetitive movements and actions, it is natural to use ILC to modify their behaviour and to improve their productivity and accuracy. Accordingly, sliding mode based FOILC is applied in this section to evaluate performance. This investigates benefits of applying the proposed method to control a single-link direct joint driven robot manipulator. The dynamic of the robot manipulator (Figure 3 ) is as follows (Chen and Moore, 2001 )
where u(t) denotes the position of the robot arm, d(t) indicates the disturbance or uncertainty, u k t ð Þ is the applied joint moment in the kth iteration, F(t) is the friction moment, m and l are the mass and the length of the robot arm respectively, M refers to the mass of the tip, and g implies the gravitational acceleration. Furthermore, J is the instantaneous joint inertia where the value of the joint inertia and the friction moment is described as follows
where f + and f À are the dry friction, and B + and B À are the viscose friction coefficients. Parameter values are chosen as in Table 1 (Corke and Armstrong -He´louvry, 1995) .
The state vector of the nonlinear robot manipulator is defined as follows
The desired output trajectory that the robot joint must track through iterations is depicted as in Figure 4 . Its equation is defined as follows (Chen and Moore, 2001 )
The angular position of the robot joint is u b = 0, u f = 90, t 0 = 0, and t f = 1 s. Initial states of ILC are tuned at zero at each iteration, where the disturbance, together with uncertainty, is chosen to be sinusoidal d k (t) = sin (70t). The sliding surface is selected as
In which l = 1 and the error is defined as
The tracking performance is evaluated through the following costs, in terms of the position equation (53), the speed equation (54) and the surface equation (55) J k e m1 ð Þ= sup
J k e m2 ð Þ= sup
Sliding mode based D a -type ILC Among fractional toolboxes the Ninteger toolbox is used during simulation of fractional D a -type ILC. The Ninteger toolbox is found to be a useful toolbox to implement fractionalorder controllers in MATLABä (Vale´rio and da Costa, 2004) . Fractional-order derivative S a , a 2 R is calculated by the nid function using the CRONE approximation. The sliding mode based D a -type ILC law is as follows
Results of using sliding mode based D a -type ILC updating law of equation (46) are depicted in Figure 5 for the maximum tracking error J k (e m1 ) in equation (53) in terms of iteration (k = 1, .,70) for different values of a. Similarly, results of using the second cost function in terms of maximum tracking error J k (e m2 ) in equation (54) are depicted in Figure 6 . Likewise, behaviour of the sliding surface cost, i.e. J k (s) in equation (55), is seen in Figure 7 . As seen in Figures 5-7 , sliding mode based D a -type ILC updating law is used to compare the performance of the integer and fractional-order controllers. Simulation results of the criteria in equations (53-55) are presented in terms of iteration (k = 1, .,70) for different values of a.
The stopping condition of the ILC is when e m1 \18 and e m2 \18/s. As can be seen from Figures 5-7 , maximum convergence speed of the algorithm is achieved for a . 1. If a = 0, only the state variables (and their derivatives) are used to update ILC. Thus, there is only a sliding mode based Ptype ILC updating law. When a = 1, derivatives of the state variables are used to involve the angular acceleration. As a result, there will be a sliding mode based D-type ILC updating law. According to Figure 5 and to compare the performance of the integer and fractional-order controllers, maximum convergence speed is achieved for the case where a = 1:5, 1:75: Similarly, according to Figures 6 and 7 , the speed and performance of the fractional-order controller can be compared with those of the conventional type of controllers (a = 0, 1). The achieved control signal in the 70th iteration for the sliding mode based D a -type ILC updating law is shown in Figure 8 . The control effort in Figure 8 provides output as seen in Figures 9 and 10 for different a using the sliding mode based D a -type ILC control law at the 70th iteration. According to Figures 9 and 10, when a = 1:75, the system output is more accurate in comparison with those obtained for other values of a. If the stopping criteria is considered as e m1 \18 or e m2 \18= s, the results achieved in Figures 5-10 show that for a = 1:75 the proposed controller is more accurate and fast enough in comparison with the common type of controllers (for a = 0, 1).
Sliding mode based PD a -type ILC To investigate the performance of the two proposed hybrid learning control laws, sliding mode parameters are tuned as r = 6 and q = 10 in section together, where the ILC gain is tuned as k D = 4. The value of these parameters is the same as in the previous subsection, together with the learning gain k P = 2. The sliding mode based PD a -type ILC law can be seen in the following equations 
Results are achieved for those cost function in equations (53-55) as depicted in Figures 11-13 in terms of the iteration (k = 1, . . . , 70) for different values of a. According to the results in Figures 11-13 , and comparing with those obtained in the previous section, it can be seen that the hybrid controller i.e. the sliding mode based PD a -type ILC, is more efficient (in terms of the accuracy and the speed) than sliding mode based D a -type ILC. The improvement in the performance is due to the learning gain k P , which increases the degree of freedom to determine the design parameters. This enables the designer to obtain smoother and more-efficient results. The best result is achieved for a = 1:75; 3D diagrams of Figures 14 and 15 versus the time t 2 ½0, 1 and the iteration k = 1, 10, 20, 30, 40, 50, 60, 70 and for a = 1:75. From  Figures 14 and 15 it can be seen that, by increasing the number of iterations, the tracking is improved and the error convergence in equation (45) is well satisfied. Meanwhile, capability of the proposed sliding mode based FOILC against a sinusoidal disturbance d = sin (70t) is shown in Figure 15 .
Performance of the proposed sliding mode based FOILC is investigated in two different categories:
In addition to the comparison with the traditional proportional P, and derivative D, type controllers, i.e. the case a = 0 and a = 1, which can be seen in Figures 5-8 , the case a = 1:75 provides faster response with respect to a D a type in a similar task of a single-link robot manipulator (Chen and Moore, 2001) (Figure 16 ).
The proposed controller is also compared with a similar work using a higher-order ILC (Chen et al., 1998) as shown in Figure 16 .
As seen in Figure 16 , the proposed FOILC initiates with less error together with a faster convergence rate with respect to Chen and Moore (2001) . A similar result is achieved in Figure 16 when the initial error when using the proposed FOILC is found to be much less than those when using the higher-order ILC. The same result is also observed in the speed of convergence. These results confirm superiority of the proposed sliding mode based FOILC.
Conclusion
In this manuscript, a new type of the sliding mode based FOILC algorithm is proposed to control a nonlinear plant in the presence of a disturbance. In this approach the control effort consists of two parts; the sliding mode section and the FOILC. In the first try, and due to the absence of any past experience, the sliding mode section generates the required control efforts by itself. However, this fails to comply with e m1 \18 and e m2 \18= s conditions. Therefore FOILC is proposed to improve the performance. Accordingly, when the first try is passed, the proposed sliding mode based FOILC takes action. The provided control effort is shown to be capable of coping with the bounded disturbance and uncertainties in nonlinear repetitive plants. The ILC part of the controller removes effects of repetitive disturbances, whereas the sliding mode section improves uncertainty. Simulation results on a single-link robot illustrate the superiority of the two sliding mode based D a -type and PD a -type ILCs. In addition, another degree of freedom in the PD a -type controller tunes the convergence rate through proportional counterpart. The convergence of the system using the proposed method is analysed in the frequency domain for disturbed nonlinear systems. Finally, it is shown that a = 1:75 provides an optimum adjustment, providing a faster response together with higher accuracy.
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